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Introduction

This project focus on solving two interesting puzzles, a two-way
pistol duel and a three-way pistol duel. 3 alternative approaches
will be presented for solving the two-way duel,

@ geometric series approach;
e conditional probability approach;

o system of linear equations approach;

The linear system of linear equations approach can be considered
as a preparation for solving the three-way duel.

We've also developed web-based numerical simulations to verify
the theoretical solutions. Please visit jjjzhang.com
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Two-way Duel

Two players A and B start a pistol duel. Respectively, A and B
have 0 < a, B < 1 of chances on average hitting the target. If A
takes the first shot, what is the chance that A survives? What if B
shoots first?
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Solution: Let x be the probability that A survives if A shoots first
and y be the probability that B survives if B shoots first.

Geometric Series Approach: When A shoots first A has a
chance of « hits B in the 15 round. If both A and B miss their
first shots in the 1% round then, by the Probability Multiplication
Rule, A has a chance of (1 — ) (1 — ) a hits B in the 2" round,
then, a chance of [(1 — a) (1 — B)]° & in the 3", so on and so
forth. Thus, the total chance that A survives is

a

X:jz_%[(l—a)(l—ﬁ)]ja: 1—(1—04)(1—ﬁ) (0§(1—a)(1_5)<1).

Analogously, when B shoots first the total chance that B survives is

yo_ B
I-(1-a)(1-5)
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That is, when A shoots first the chance that A survives is

x:g[(l—a)(l—ﬁ)]fa: 1_(1_a)(1_ﬁ)7
and the chance that B survives is
1-x=1— o _ (1704)/8

1-(1-a)(1-p) 1-(1-a)(1-5)

This solution can also be derived/explained by the other two
approaches below.
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Conditional Probability Approach:
Denote by U the event that player A hits the target;

Denote by V the event that the duel ends at the 1% round;

_PUNY) _ PW)P(VIY)
PUVI="pw) =P

B o - 100% B o

ST w(-f 1-0-a)-5

That is, under the condition that the duel ends at the 1 player
A's survival probability is

(0}

1-(1-a)(1-7)
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If the duel doesn't end at the 15t round it goes to the 2" round.
Analogously, if the duel ends at the 2" round the conditional
probability that A survives is still

1-(1-a)(1-p)

and so it is if the duel ends at the 3™ round, the 4 round, ...
Thus, in the entire duel A's survival probability is

1-(1 _Z) 1-3) and B's survival probability is
1- a or (1-0a)s
1-(1-a)(1-7) 1—(1—a)(1-5)

given that the duel process is convergent (since 0 < o, 5 < 1).
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System of Linear Equation Approach:

When A starts the duel and misses the first shot, the duel actually
becomes being led by B. By the Multiplication Rule and the fact
that the sum of A’s and B’s survival probabilities must be 100%
either when A starts or B starts the duel, we have

x + 1-o)y =1

Jasmine Zhang, Pistol Duels


jjjzhang.com

Slide 8/29: Two-Way Duel 7/7

For Example, « = 0.3 and 5§ = 0.8.

When A shoots first

«
A’s survival probability is x = ~ 0.3488
P Y - (I-a)1-5)

B's survival probability is 1 — x or (1 —a)y ~ 0.6512

When B shoots first

p
1-(1-a)(1-5)
A'’s survival probability is 1 — y or (1 — /) x ~ 0.0698

~ 0.9302

B's survival probability is y =
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Three-way Duel

Part I: A, B and C take turn to shoot at each other in an order of
A, B, C, A, .... Respectively, A, B and C have a, 8 and

(0 < a, 8,7 < 1) of chances on average hitting the target. They
choose target also in the order of A, B, C, A, ... unless one of
them has already been eliminated. If A takes the first shot what
are the chances that A, B, C survive?

Part Il: What is they randomly and evenly choose target?

player A

player B
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Part | Solution: Let the chance that A, B or C survives when A,
B or C starts the duel be x, y or z, respectively.

The linear system approach used in the two-way duel can be
applied to solve the three-way version by setting up 3 linear
equations each based on that A, B or C leads the duel.

The first linear equation: A starts the duel. the chance that A
survives, the chance that B survives and the chance that C
survives must add up to 1 as calculated below.

Jasmine Zhang, Pistol Duels


jjjzhang.com

Slide 11/29: Three-Way Duel 3/19 Part |

When A starts the duel,
@ The chance A survives is x.

@ The chance that B survives is (1 — «)y that is determined by
the only non-zero-chance case: A misses.

@ The chance that C survives is determined by the union of two
exclusive non-zero-chance cases: (i) A hits B then the duel
becomes two-way between C and A led by C, (ii) Both A
misses their shots.

Thus, The chance that C survives is

a‘1_(1_0[)(1_7)4-(1—&)(1—,8)2
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The first linear equation that describes the duel led by A is
< +
1-(1-a)(1—7)

By accordingly rotating/exchanging x, y, z, , 8 and 7 we have
the other two linear equations that describe the duel led by B and
the duel led C to form the system as

(1-a)(1-Bz=1

x+(l—a)y+a-

X—l—(l—oz)y—i—oz-1_(1_25)(1_’7)—}—(1—(1)(1—5)2:1
ﬂ-1_(1_a)(1_5)+(1—ﬂ)(1—7)><+y+(1—5)z=1
(=547 gy T - Ay =
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In matrix-vector form:

[ 1 (1-a) (1-a)(1-5) x
(1-58)(1-7) 1 (1-5) y
(1-7) (1—a)(1—7) 1 z
- e |
= | 1~ =
|- i
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The inverse of the coefficient matrix (the augmented matrix):

-1

1 (1-a) (1-a)(1-5)
(1=8)1-7) 1 (1-5) =

(=) (1-)(1-7) 1
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The solution

X [1- 1-(1 o 1 ]
1 a— 1 0 7( 70‘)( 7’\/)
y | = : -
I-(I-a)1-p)1-9)| O 1 f-1 -(1-a)(T-5)
y—=1 0 1 8
? L1 Taan)
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For example, when a = 0.12, 5 = 0.34,~v = 0.56, the solution is

X [1- 1-(1 o 1 ]
1 a— 1 0 _( —Oz)( _"/)
_ 1 1 _ aﬁ
S I (R e B S N S IR
-1 1 By
z L1y
0.1289
~ | 05639
0.4566

Jasmine Zhang, Pistol Duels


jjjzhang.com

Slide 17/29: Three-Way Duel 9/19 Part |

For example, a = 0.12, 5 =0.34, v = 0.56

When A leads the duel,

the chance that A survives is x ~ 01289

the chance that B survives is (1 — a)y ~ 0.4962,

the chance that C survives is

il ~
Oz‘1_(1_a)(1_7)+(1—a)(1—ﬂ)z~0.3749.
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Part Il Solution: Let the chance that A, B or C survives when A,
B or C starts the duel be x, y or z, respectively.

The Solution Il used in the 2-way duel can be applied to solve the
3-way version by setting up 3 linear equations.

The first linear equation: A starts the duel. The sum of the chance
that A survives, the chance that B survives and the chance that C
survives must equal to 1 as calculated below.
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When A starts the duel,
@ the chance A survives is x.

@ the chance that B survives is determined by the union of 3
exclusive cases:

Case I: A chooses to shoot B and hits the target. The chance
that B survives is 0;

Case II: A chooses to shoot C and hits the target. The duel
becomes a two-way duel between B and A led by B. By the
results derived in Part | (Eqn. (1)) the chance that B
survives is % . m;

Case Ill: A misses the shot. The duel is still a three-way duel
led by B. The chance that B survives is (1 — a)y.
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When A shoots first the total chance that B survives is

«
2 arpoap T

@ The chance that C survives is determined by the union of 4
exclusive cases:

Case I: Cis hit by A or B. The chance that C survives is 0;

Case Il: A chooses to and hits B. The duel becomes two-way
led by C against A. The chance that C survives is

o ~y _

2 at+vy—ay’

Case IlI: A misses the shot followed by that B chooses to and
hits A. The duel becomes two-way led by C against B. The

chance that C survives is (1 — «) - 5" ﬁ;
Y=Y
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Case IV: Both A and B miss their shots. The duel is still three-way
led by C followed by A and then B. The chance that C survives is

(1-a)(1-p)z

When A shoots first the total chance that C survives is

a g B gl
@ T 41-a)l T La-a)1-p)e
e ) e -1 - )
We have the first equation (A starts the duel).
o B o gl B
R T P I
X+2 a+6—oz,8+( a)y+2 a+’y—cw+( @) 2

—+(1—a)(l-p)z=1.

iy TP

By rotating/exchanging x, y, z, «, (3, v accordingly we have the
other two linear equations for the duel that B starts the shooting
followed by C then A and for the duel that C starts the shooting
followed by A then B to form the following 3 x 3 linear system.
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Recall the definitions, skill levels of player A, B and C are «, 3,7;
Chances that they survive when they start the duel are x, y, z,
respectively. «, 8, and x, y, z satisfy the linear system below.

o B
2 at+f-af

Hl-ay+s — +(1—@)'§' L t{1-a)(1-fle=1

X+
2 aty-ay 2 f+y-0By

DY SR O, U WU SO BT o
H=0) g oy ety g g (LB =1

1B
T—x+-.
H q)XJFQﬁﬂ—ﬁv

ﬁ a
2 a+f-aof

a
aty-ay

a+f-af

+(1—w)~%- t{l-o)l-n)y+z=1
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In matrix-vector form:

[ 1 (1-a) (1-a)(1-7) X
(1-8)(1-7) 1 (1-5) y
(1-7) (1-a)(1-17) 1 z

[ _1 ap By afy
1=3 (‘”5 aB T aﬂ ay + B+y—Bv ﬁﬂffh)

— 1—

af By afy
(a+6 ap + a+w ay + B+y—8v a+7—av>

N[

1—

ay By  _ __apy
(oc+6 aB T aty—ar T Bry-B a+5—a6> ]

N|=
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The inverse of the coefficient matrix (the augmented matrix):

-1

1 (1-a) (1-a)(1-5)
(1=8)1-7) 1 (1-5) =

(=) (1-)(1-7) 1



jjjzhang.com

Slide 25/29: Three-Way Duel 17/19 Part Il

The solution

[ 1 By

' 1 a-1 0 . 5(0” Bt safw—'av)

a-

Y= 1 1- l( T n aﬁJ)

1-(1—0@)(1—6)(1—7) 0 1 f-1 2\ at9-a8 a+/a ﬁ-\-w [ R,
; -1 0 1

1 B

.1 §(ﬂ+3 03+a+fa +6+w B afﬁ-aﬂ)_
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For example, a = 0.36, 3 = 0.63,~ = 0.27. The solution is

[ 1(_af o b __aky
X : 2(a+ﬁ—aﬁ+a+v—aw’+ﬂH'—ﬁﬂr ﬁﬂ'—ﬂv)

_ ! Y R R
gl A T e I S 1’?(u+ﬂ-aﬁ+a+~«-aw*ﬂﬂlﬁﬁﬂ-av)

7 1{_ of oy By afy
I 1-3 (W*aﬁ T T afﬁfasﬁ) ]
0.2864

~ | 0.5418

0.2216
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o = 0.36, 8 = 0.63,
v =0.27 = x ~ 0.2864, y ~ 0.5418, z ~ 0.2216.

When A leads the duel,
the chance that A survives is x ~ 02864

the chance that B survives is

@ __ 5 L (1-a)y~0.4953

2 a+ B —af

the chance that C survives isﬂ

o y Y
~ 0.2183.
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Web-Based Numerical Simulators
@ jjjzhang.com

Two-Way Duel Simulator

Player Amnd B each other.

2 )

PlayerASkilLevel  Player B Skl Level
0.1

' < ” < (oo Gomer Lotz
Wel M Project Fall e
e e*‘he ti y{Jass Project Fa 2* .

—
@vo-WayDuel  Three-WayDud  Random Three- W) Ducl

B shoots
player A

eaTier-0 20155

2etvisz=45.1305%

Duel Simulator 3 pl & t cxch other evenly RANDOM (usl
one of hem i alrcay ou). Winning rae caleulaion in rsseniaion Sldss

‘A-Led One Game (random) Round 1

‘Theoretical Wianing Rate A:(10 6565% |B: [sa2t6% |C:[sssisess |

Jasmine Zhang
Walter Payton Collogo Prep.

Ais Out Cis Out

evject, Fall 2024

B-Led 450 of 9699 Gamies (random) Played

Theoretical Winning Rate
A [T ] Za1035%
Experimental Winaing Rate

[
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Reference
1. Class Project, Fall 2024

2. Three Way Duel or Truel at
https://puzzles.nigelcoldwell.co.uk /fiftyone.htm

3. Three-Way Duel at
https://www.youtube.com/watch?v=N9D4CwXTjdQ
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